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A SHORT NOTE ON THE MULTIPLIER IDEALS OF
MONOMIAL SPACE CURVES
HOWARD M THOMPSON
Abstract. Thompson (2014) exhibits a formula for the multiplier
ideal with multiplier λ of a monomial curve C with ideal I as an
intersection of a term coming from the I-adic valuation, the mul-
tiplier ideal of the term ideal of I, and terms coming from certain
specified auxiliary valuations. This short note shows it suffices to
consider at most two auxiliary valuations. This improvement is
achieved through a more intrinsic approach, reduction to the toric
case.
1. Introduction
Let (Y,∆) be a pair, consisting of a normal variety Y over an alge-
braically closed field of characteristic zero and a Q-divisor ∆ such that
KY + ∆ is Q-Cartier. Let pi : X → Y be a log resolution of the ideal
sheaf I ⊆ OY that is also a log resolution of the pair (Y,∆). That is,
pi is a proper birational morphism such that X is smooth, the union
of the exceptional set of pi and pi−1(∆) is a divisor with simple normal
crossing support, and I · OX = OX(−F ) is also a divisor with simple
normal crossing support. In this setting, we define the multiplier ideal
of Iλ on the pair (Y,∆) to be
J
(
(Y,∆), Iλ
)
= pi∗OX(KX − ⌊pi
∗(KY +∆) + λF ⌋).
This ideal sheaf on Y does not depend upon the choice of log resolution.
In recent years, researchers have begun to study which divisors on a
log resolution contribute jumping numbers. See Alberich-Carramin˜ana,
A`lvarez Montaner and Dachs-Cadefau [1], Galindo and Monserrat [6],
Hyry and Ja¨rvilehto [10], Naie [11], Naie [12], Smith and Thomp-
son [14], and Tucker [18]. This paper refines the result of Thompson [17]
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by finding a smaller set of divisors that contains all the divisors that
contribute jumping numbers for a monomial space curve.
Section 2 of this paper recalls a strengthening of the notion of an
embedded resolution of singularities known as a factorizing resolution
and uses it to provide a proposition (Proposition 3 on the next page)
about the structure of multiplier ideals.
Section 3 on the facing page of this paper recalls the Howald-Blickle
Theorem (Proposition 4 on page 4) that provides a formula for the
multiplier ideals of a monomial ideal on a normal affine toric variety,
provides a reinterpretation (Proposition 6 on page 4) of that theorem,
and provides a formula (Proposition 7 on page 4) for the multiplier
ideals of a principal binomial ideal.
Section 4 on page 5 applies the ideas of the previous sections to refine
the result of Thompson [17].
2. Using factorizing resolutions to compute multiplier
ideals
Definition 1. Let Z be a generically smooth subscheme of any variety
Y . A factorizing resolution of Z is an embedded resolution pi : X → Y
of Z such that
IZ · OX = IZ˜ · L
where Z˜ is the strict transform of Z, L is an invertible sheaf, and the
support of IZ · OX is a simple normal crossings variety.
Recall that pi is an embedded resolution of Z if it is proper birational
morphism pi : X → Y such that: X is smooth and pi is an isomorphism
over the generic points of the components of Z, the exceptional locus
exc(pi) of pi is a divisor with simple normal crossing support, and the
strict transform Z˜ is smooth and transverse to exc(pi). For an embed-
ded resolution, we always have IZ · OX = IZ˜ ∩ L for some invertible
sheaf L. Here we require the intersection to be a product. Typically,
this is achieved by blowing up embedded components of IZ · OX . Here
is a theorem on the existence of factorizing resolutions.
Proposition 2. (Theorem 1.2 of Bravo [3], Section 3 of Eisenstein [5])
Let Z be a generically smooth subscheme of any variety Y over an
algebraically closed field of characteristic zero such that there exists a
birational morphism µ1 : Y
′ → Y from a smooth variety Y ′ that is an
isomorphism over the generic points of the components of Z. If D is a
divisor on Y ′ with simple simple normal crossing support such that no
component of the strict transform of Z is contained in D, then there
exists a factorizing resolution pi : X → Y of Z that factors through µ1,
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pi = µ2 ◦µ1, such that Z˜ ∪ exc(pi)∪µ
−1
2 (D) has simple normal crossing
support.
Notice that if pi : X → Y is such a factoring resolution of Z, then
the blowup of Z˜ is a log resolution of Z and that the exceptional locus
of this blowup consists of a collection of prime divisors in one-to-one
correspondence with the components of Z with codimension at least
two.
Proposition 3. Let Z1, . . . , Zr be the components of Z and suppose ei
is the codimension of Zi for all i. Fix a factorizing resolution pi : X →
Y of Z that is also a log resolution of the pair (Y,∆) and let b = pi∗(L)
where IZ · OX = IZ˜ · L as above. Then,
J
(
(Y,∆), IλZ
)
= J
(
(Y,∆), bλ
)
∩
r⋂
i=1
I
(⌊λ+1−ei⌋)
Zi
Proof. Since IZ ⊆ b, it is clear that J
(
(Y,∆), IλZ
)
⊆ J
(
(Y,∆), bλ
)
.
Let us now show J
(
(Y,∆), IλZ
)
⊆ I
(⌊λ+1−ei⌋)
Zi
for each i. Since Z is
generically smooth, the IZi are prime and the I
(⌊λ+1−ei⌋)
Zi
are primary.
Since I
(⌊λ+1−ei⌋)
Zi
is primary, it suffices to check the inclusion generically
along the corresponding component (that is, after localizing at IZi).
Because Z is generically reduced, IZ · OZi = IZi · OZi . It is simple
calculation based on the fact that one can resolve OZi generically by
blowing up OZi , and the relative canonical divisor for this blowup is
(ei − 1)Ei, where Ei is the resulting exceptional divisor.
On the other hand, the extension of the contraction of an ideal is
contained in the ideal. So, b · OX ⊆ L. Thus,
b · OX ∩
r⋂
i=1
IZ˜i ⊆ L ∩
r⋂
i=1
IZ˜i = IZ · OX .
Therefore, we see
J
(
(Y,∆), bλ
)
∩
r⋂
i=1
I
(⌊λ+1−ei⌋)
Zi
⊆ J
(
(Y,∆), IλZ
)
using any log resolution of b, Z and (Y,∆) that factors through pi. 
3. Exploiting the toric case
This paragraph is, essentially, a direct quote of Blickle [4]. Let (Y,∆)
be a pair such that Y is a normal (affine) toric variety (say Y = SpecR
for some normal semigroup ring R ⊆ k[x±11 , . . . , x
±1
n ]) and ∆ is a torus
invariant Q-divisor. Since KY + ∆ is Q-Cartier and torus invariant,
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there is a monomial xu such that div xu = r(KY+∆) for some integer r.
Set w = u/r. Blickle’s version of Howald’s [8] formula is the following.
Proposition 4. (Theorem 1 of Blickle [4]) Let a be a monomial ideal
on Y . Then, if Newt(a) is the Newton Polyhedron of a,
J
(
(Y,∆), aλ
)
= 〈xv ∈ R | v +w ∈ interior of λNewt(a)〉
for all λ > 0.
This means that the multiplier ideals of a monomial ideal on a toric
variety are contributed by (divisors supported on unions of) the Rees
divisors of the ideal. (See Thompson [16] for a quick overview of the
relationship between toric blowups and Newton polyhedra.) Other
divisors that may appear on a log resolution do not contribute.
Definition 5. We will say a sheaf F (respectively a Weil divisor D)
on X is locally monomial if X can be covered by open subschemes U
such that each U is isomorphic to an open subscheme of a normal toric
variety in such a way that F(U) is identified with a torus invariant
sheaf (resp. a torus invariant divisor).
Proposition 6. Let (Y,∆) be a pair, consisting of a normal variety Y
over an algebraically closed field of characteristic zero and a Q-divisor
∆ such that KY +∆ is Q-Cartier. If pi : X → Y is a proper birational
morphism such that pi−1(∆) and I ·OX are locally monomial, then the
multiplier ideals of I are contributed by the Rees divisors of I · OX .
Proof. Since the question is local on X , it suffices to consider the case
where X is a normal affine toric variety and a = I · OX is a monomial
ideal. Let µ : X ′ → X be a toric log resolution of the ideal a that is also
a log resolution of the pair (X, pi−1(∆)). Evidently, µ factors through
the blowup of a and, as in the toric case, orders of vanishing on any
exceptional divisor of µ ◦ pi are determined by those on the blowup of
a. This is just the fact that when one represents a polyhedron as an
intersection of half-spaces it suffices to consider only the facet-defining
half-spaces. 
Consider the case of any principal binomial ideal I = 〈xv1 − xv2〉 ⊆
k[x1, . . . , xn].
Proposition 7. If I = 〈xv1 −xv2〉 and t = 〈xv1 ,xv2〉 is the term ideal
of I, then
J(An, Iλ) = J(An, tλ) ∩ I(⌊λ⌋).
Proof. Let v be a primitive lattice vector such that rv = v1 − v2 for
some positive integer r. Cover the normalized blowup of t with affine
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open toric varieties U1, . . . , Us. Now, consider the covering consisting of
the open sets of the form Spec k[x1, . . . , xn,x±v]\V (f) where f = x
rv−1
xv−ζ
for an rth root of unity ζ and the open subsets obtained by removing
the closure of V (xrv − 1) ⊆ Spec k[x±11 , . . . , x
±1
n ] from each Ui.
Note that since v is primitive, Zv splits from Zn. So, Nn + Zv ∼=
S × Z where S is the image of Nn in Zn/Zv. Each open set of the
form Spec k[x1, . . . , xn,x±v] \ V (f) is of the form Spec k[S][t]t+1 where
t = xv − 1.
And, on each open set of the form Ui \ V (x
rv− 1), I · OX = t · OX is
monomial already. Thus, Proposition 6 on the preceding page applies.
Moreover, it is clear that the components of the closure of V (xrv−1) ⊆
Spec k[x±11 , . . . , x
±1
n ] are smooth and meet the boundary transversely.
So, a toric desingularization of the blowup of t · OX is a factorizing
resolution of I. Now, apply Proposition 3 on page 3. 
This result is not new. Principal binomial ideals are nondegenerate.
For an alternate proof, see Howald [9].
4. Application to the monomial space curve case
Using the previous ideas, one can refine the result of Thompson [17].
The case where the the monomial space curve is contained in a smooth
toric surface follows from the principal toric case by using adjunction
and inversion of adjunction.
Let k be a field of characteristic zero, let C = {(tn1, tn2 , tn3)} ⊂ A3k
be a monomial space curve not contained in a smooth toric surface.
Assume n =
[
n1 n2 n3
]
∈ Z3>0 is a primitive vector, let ordn be
the monomial valuation given by the standard pairing, xm 7→ 〈n,m〉,
and let I ⊂ k[x1, x2, x3] be the ideal of C. We may assume there
exist irreducible binomials f1 = x
m
+
1 − xm
−
1 , f2 = x
m
+
2 − xm
−
2 , and
f3 = x
m
+
3 −xm
−
3 such that {f1, f2, f3} or {f1, f2} is a minimal generating
set for I. Let t =
(
xm
+
1 ,xm
−
1 ,xm
+
2 ,xm
−
2 ,xm
+
3 ,xm
−
3
)
be the term ideal
of I. Let di = ordn(fi) for i = 1, 2, 3. Order the generators so that
d1 < d2 < d3 and order the ni so that ni|di for i = 1, 2 (and n3|d3 when
f3 is a minimal generator). See Section 3 of Shibuta and Takagi [13] for
a more detailed setup. Letm1 = m
+
1 −m
−
1 and let q =
[
q1 q2 0
]
∈ N3
be the primitive vector such that 〈q,m1〉 = 0. And, let ei = ordq(fi)
for i = 1, 2, 3.
Proposition 8. Let a1 =
(
xm
+
1 ,xm
−
1
)
, let a2 = (x
n2n3
1 , x
n1n3
2 , x
n1n2
3 ),
and let the toric variety X = XΣ be the normalized blowup of a1a2.
Then the ideal sheaf I · OX is locally monomial.
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Proof. The blowup of a1 is the partial desingularization of the toric
surface V (f1) identified in Gonza´lez Pe´rez and Teissier [7], and the
normalized blowup of a2 is the partial desingularization of C. The fan
Σ1 of the blowup of a1 has two maximal cones
{
v ∈ R3≥0 | 〈v,m1〉 ≤ 0
}
and
{
v ∈ R3≥0 | 〈v,m1〉 ≥ 0
}
. The normalized blowup of a2 is stellar
subdivision along the ray ρ = R≥0n. Note that n is in the intersection
of the two maximal cones of Σ1. So, the two operations on fans, stellar
subdivision along n and cutting with the plane
{
v ∈ R3≥0 | 〈v,m1〉 = 0
}
commute. And, Σ is the stellar subdivision along ρ of Σ1. (Any toric
desingularization of X provides a common embedded desingularization
of C and the surface V (f1).)
First, consider the affine open Uρ of X and fix an element of the
affine semigroup mρ ∈ Sρ such that 〈mρ,n〉 = 1. I claim, {m1,m2} is
a basis of the kernel of the matrix
[
n1 n2 n3
]
, Sσ = N3+Zm1+Zm2,
fi = (x
mρ)di(xmi − 1) for each i = 1, 2, 3, and f3 ∈ (f1, f2)k[Sσ]. So,
I · OUρ =
(
(xmρ)d1(xm1 − 1), (xmρ)d2(xm2 − 1)
)
=
(
xd1mρ
)
∩
(
xm1 − 1,xd2mρ
)
∩ (xm1 − 1,xm2 − 1)
is monomial in xmρ , xm1 − 1, and xm2 − 1. Since d1 < d2, there is
an embedded component supported on the intersection of the strict
transform of the surface V˜ (f1) and the divisor Dρ. Away from this
embedded component, I · OX = t · OX . Thus, it suffices to check the
closed points where the curve V (xm1 − 1,xmρ) meets X \ Uρ.
Let p ∈ X be one of these two points, and let σ be the smallest
cone of Σ such that p ∈ Uσ. Evidently, ρ ( σ since p /∈ Uρ. After
possibly replacingm1 with −m1, we may assume x
m1−1 ∈ mX,p. Since
xm1 − 1 ∈ mX,p, p is not a torus-fixed point and σ is two-dimensional.
Let σ = R2≥0
[
n1 n2 n3
r1 r2 r3
]
. Note that m1 is a basis for the kernel of[
n1 n2 n3
r1 r2 r3
]
, and 〈n,mi〉 = 0 for i = 1, 2, 3. After possibly replacing
m2 with −m2 and m3 with −m3, we may assume m2,m3 ∈ Sσ =
N3 + Zm1. As in Proposition 7 on page 4, the affine semigroup is a
product Sσ ∼= S × Zm1 where S is the image of N3 in the quotient
Z3/Zm1. Thus, k[Sσ] ∼= k[S][t3]t3+1 where t3 = x
m1 − 1. 
Recall q =
[
q1 q2 0
]
∈ N3 is the primitive vector such that 〈q,m1〉 =
0 and ei = ordq(fi) for i = 1, 2, 3. Here is the improvement to the main
theorem of Thompson [17].
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Proposition 9. (i) If I is a complete intersection or if e2(d3−d1) ≤
e1(d3 − d2), then
J(Iλ) = I(⌊λ−1⌋) ∩ J(tλ) ∩ (f | ν1(f) ≥ ⌊a1λ− k1⌋)
where ν1 is the valuation given by the generating sequence xi 7→
ni for i = 1, 2, 3, f1 7→ d2. Thus, a1 = ν1(I) = d2 and k1 =
ν1(JRν1/k[x]) = n1+n2+n3+d2−d1 where JRν1/k[x] is the Jacobian
of the discrete valuation ring Rν1 of ν1 over k[x].
(ii) Otherwise,
J(Iλ) = I(⌊λ−1⌋) ∩ J(tλ)
⋂
i=1,2
(f | νi(f) ≥ ⌊aiλ− ki⌋)
where ν1 is as before and ν2 is given by the generating sequence
x1 7→ e2n1 + (d3 − d2)q1, x2 7→ e2n2 + (d3 − d2)q2, x3 7→ e2n3,
f1 7→ e2d3. Thus, a2 = ν2(I) = e2d3, and k2 = ν2(JRν2/k[x]) =
e2(n1 + n2 + n3) + (d3 − d1)(q1 + q2) + e2(d3 − d1) − e1(d3 − d2)
where JRν2/k[x] is the Jacobian of the discrete valuation ring Rν2
of ν2 over k[x].
Proof. Apply Proposition 8 on page 5 and the convex geometry com-
putation in the appendix. 
Corollary 10. (i) If I is a complete intersection or if e2(d3 − d1) ≤
e1(d3−d2), then the log canonical threshold of I (at the origin) is
lct0(I) = min
(
lct0(t),
k1 + 1
a1
)
.
(ii) Otherwise,
lct0(I) = min
(
lct0(t),
k1 + 1
a1
,
k2 + 1
a2
)
.
Note that when e2(d3 − d1) = e1(d3 − d2), ν2 is monomial in the
x-variables and both formulas apply. In Example 5.3 of Blanco and
Encinas [2], e2(d3 − d1) = e1(d3 − d2), ν2. I do not know an example
where e2(d3 − d1) > e1(d3 − d2). A Macaulay2 package that imple-
ments this calculation, as presented in Thompson [17], is described in
Teitler [15].
Appendix
Recall that di = ordn(fi) and let ui =
[
di
ei
]
=
[
n1 n2 n3
r1 r2 r3
]
m−i
for i = 1, 2, 3. In the local monomial coordinates, we find the Rees
valuations from the facets of the Newton polyhedron. It suffices to
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consider the ideal (tu1t3, t
u2, tu3) ⊂ k[S]ty3] (see the conclusion of the
proof of Proposition 9 on page 6). We know e1 > e2 by examining
Section 3 of Shibuta and Takagi [13]. And, r2 = 0 or r3 = 0.
If r2 = 0, then e2 = 0, t
u3 ∈ (tu2), and the facets of the Newton
polyhedron Newt (tu1t3, t
u2) are orthogonal to the rows of the matrix

1 0 0
0 1 0
0 0 1
e1 d2 − d1 0
1 0 d2 − d1


This includes the complete intersection case. Note that the only two
rows of our matrix that have a nonzero last entry are
[
0 0 1
]
and[
1 0 d2 − d1
]
. The other vectors correspond to valuations that are
monomial in the original x-variables. Our ideal (tu1t3, t
u2, tu3) has
order zero on the valuation corresponding to
[
0 0 1
]
. And, the row[
1 0 d2 − d1
]
corresponds to ν1.
If tu2 /∈ (tu1, tu3) and e2 6= 0, then the facets of the Newton polyhe-
dron Newt (tu1t3, t
u2, tu3) are orthogonal to the rows of the matrix

1 0 0
0 1 0
0 0 1
e1 − e2 d2 − d1 0
1 0 d2 − d1
e2 d3 − d2 0


and these rows all have nonnegative integer entries. In terms of the
parameters introduced in Section 3 of Shibuta and Takagi [13], α ≤ γ
in this case.
If tu2 ∈ (tu1 , tu3) and e2 6= 0, then r3 = 0 and the facets of the
Newton polyhedron Newt (tu1t3, t
u2, tu3) are orthogonal to the rows of
the matrix 

1 0 0
0 1 0
0 0 1
e1 − e3 d3 − d1 0
1 0 d2 − d1
e2 d3 − d2 e2(d3 − d1)− e1(d3 − d2)


and these rows all have nonnegative integer entries. Note that the only
three rows that have a nonzero last entry are
[
0 0 1
]
,
[
1 0 d2 − d1
]
,
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and [
e2 d3 − d2 e2(d3 − d1)− e1(d3 − d2)
]
corresponding to the only bounded facet of Newt (tu1t3, t
u2, tu3). The
other vectors correspond to valuations that are monomial in the original
x-variables. And, the bounded facet corresponds to ν2. For ν2, the
orders of vanishing of the x-variables are given by the entries of
[
e2 d3 − d2 e2(d3 − d1)− e1(d3 − d2)
] n1 n2 n3q1 q2 0
0 0 0


=
[
e2n1 + (d3 − d2)q1 e2n2 + (d3 − d2)q2 e2n3
]
and ν2(fi) = e2d3 for all i = 1, 2, 3
[
e2 d3 − d2 e2(d3 − d1)− e1(d3 − d2)
] d1 d2 d3e1 e2 0
1 0 0


=
[
e2d3 e2d3 e2d3
]
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